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ON THE GENERALIZED INPUT ESTIMATION

Vesselin JLKOV and Xiao RONG LI

1. Introduction

Consider the problem of maneuvering target tracking within the framework of the fa-
miliar time invariant linear dynamic system !

Tpr1 = Fxp+ Guy + wg (@D}
g1 = Hzpypr +vpga, k=0,1,2,... 2

where z;, € R™* denotes the target state with transition matrix F, u;, € R™ isthe
contral input with transition matrix G, z; € R™= isthe measurement with measure-
ment matrix H, and w; € R"=, v, € R"™= denote respectively the process noise and
measurement errors which are assumed independent Gaussian white noises with zero
means and covariances (), and Ry,.

The classical input estimation (IE) 2 assumes that the unknown control input is con-
stant, i.e. if the maneuver has started at time &, then

(0 forj=0,1,... k-1
“J"{u forj=rk, ..., k+N—1, )

where N denotes the detection window length. This assumption allowsto use the | east
squares (LS) method for parameter estimation to obtain an estimate of the input « over
the interval [k, k + N), based on the information contained in the innovations of the
Kalman filter assuming zero-input in the interval [0,k + V).

In order to relax this restrictive and unrealistic assumption it was suggested 2 to repre-
sent the unknown input «, asalinear combination of time functions, viz.

p
ue =y aiby(ty), 4
=1
where b, (1) are known scalar functions of time and a; are unknown constant vector

coefficients. For the so defined “non-constant” input the LS estimation technique has
been applied and a thorough algorithm derivation has been performed.
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Apparently, if we consider the input transition matrix G in (1) as time invariant then
the presentation of the input (4) is more general than that of the constant input u , =
w in (3). On the other hand, however, if we consider the overall unknown input
a = (a1, as, ..., ap), itisin fact constant and the known time functions b (t4),! =
1, ..., pinfluencethisinput as transition coefficients (in the same manner as theinput
transition matrix G does). That iswhy it is more natural that these coefficients be at-
tributed to the input transition (coefficient) matrix rather than to the input itself. This
underlying reason has led us to the following two observations.

e The generalized IE model (1) with (4) is a particular case of the constant input
model

Tpt1 = Fxp + Gru + wy, 5)
with time-varying input transition matrix G.. Indeed, if we set

A

a?[a...a) andG§ 2 [bi(t)G | b2(tr)G | ... | by(tr)G]  (6)
then (1) with (4) can berecast as
Tp1 = Frzp + GZa + wg. (7)

That is, a stands for the unknown constant input and G ¢ for the known (time-
varying) input transition matrix. Of course (5) comprises (7) and isnot restricted
to the particular choice of G, as G.

e The classical IE for constant input is valid for time-varying systems, and in
particular for (5) (respectively (7)).

These observationsimply that the GIE of 3 is a particular case of the classical |E with
time-varying input transition matrix G, (if we set G, = G¢) . Next, we describe in
more details the |E for time-varying systems and show how the GIE can be obtained
fromit.

2. |E for Time-Varying Systems

Although the | E method of Chan, Hu and Plant,? has been traditionally treated in time
invariant system setting, it is valid for time-varying systems as well and no additional
difficulties appear in this consideration. We summarize the basic |E method with ref-
erence to the target model (5).

The optimal Kalman filter (KF) for the system (5), (2), where F, may be aso time-
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varying, is*
Zpy1 = (I = KpprH) Frap + (I — K1 H) Grug + K1 2541 (8)
Piy1 = (I =Ky H) (FRPFy + Qy) )
Kipyr = (FuPoFy+ Qu) H'[H (FePoF} + Q) H' + Rpya] . (10)

Let the assumption (3) holdsand denoteby i ; and z; the estimates of the hypothetical
Kalman filter with the correct input ; of (3), and the real KF, running with the zero-
input model u; = 0, j = k,...,k + N — 1, respectively. Their residuals, defined
respectively as

L2, —HES, % 22,—Hij, j=12,... (12)
satisfy
2k+n:HDk+nU+§2+na 7’L:1,2, ...,N, (12)
where
n i+1
Disn = Z H (I = Ki1jH)Foqj (I — KpypiH) Grgi1- (13)
i=1 j=n

Itisknownthat {; .} _ , . isawhitenoisesequencewith Z; , ~ N (0, Sk+n),
wherethe covariance Sy, = HPy,,,H' + Ry.,,.* Thusaccording to (12) the residu-

als of thereal (zero-input) KF provide noisy measurements of the unknown input, and

the best linear unbiased estimate (BLUE) of u can be straightforwardly obtained by

means of the LS method for this system.*

Specifically, the system (12) can be recast in the “ batch form”
Z=Hu+ Z*, (14)

where stacked vectors and matrices are denoted as follows

~ ~ !
Z:[z;chl z,’c+N],
H=1[ (HDp41)" ... (HDiyn)' ],’
Ze=[z, ... Nl (15)
and Z* ~ N (0,S) for S =block-diag{ Si4+1, ..., Sk+n }. Thenthe BLUE of

« which minimizes the normalized error
’

Lrs(u) & 298 12* = (Z - Hu) S (Z - Hu) (16)



110 On the Generalized Input Estimation

i = PH'S ' Z with covariance P = (’z’-t’:§*17-1)_1 (17)

The minimal normalized error is given by

Lrs 2 Lis(i) = (z - 7—[@)’ st (z - ’Hﬁ) =2'S'Z - ALis(i)  (18)
with
ALrs(@) = @ P 'a= (’H'S—IZ)'P ('s2) (19)

and ALy s(a) isx; distributed, provided the trueinput u is zero.

Thus, the first stage of the common |E method — estimation of the input is performed
via (17). The second stage — maneuver detection — realizes the significance test *

ALys > A (20)

through (19), where \ is chosen for agiven Pga . Thethird stage of the | E algorithm —
estimate correction—is performed in case of detecting a maneuver according to

:E};+N = Zpen+ Dpina (21)
correction term

Py = Puyn+ DiynPDj N (22
%’_/

uncertainty increase

In the above, we very briefly recalled the known 1E method with the sole difference of
considering the generic time-varying target model.

3. GlE asaCorallary of |IE

Now that the IE is available one can obtain the GIE algorithm of 3 (specifically, the
results presented in sections 11 and 1V therein) as a corollary of the above given com-

mon | E. Although it should be apparent from the two remarks made in the Introduction

we illustrate some details.

Consider the problem as formulated by Lee and Tahk . ? Let us set for this problem a
and G asin (6) and substitute G, with G and u with a throughout in the Eqns (13) —
(22) of the IE.

After some routine formulae manipulations the following key intermediate relations
can be subsequently obtained
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Dy =

ZM,LCI;L (I — Kpyi H) Gppi_y = (23)
i=1

ZMﬁ; I — KpyiH) b1 (togio1)G | .. | bp(trai_1)G] = (24)
ZM,’:i; (I = Kiyi H) Nigibi (trgio1) | - ZMx?Li (I - KiyiH) Nk+ibp(tk+i1)] =
(25)
[Dli-#—n ‘ . | Dk+n:| (26)
HDjyn = [Chyn | ... | CLy,] SN HDyy,, = Chyn, 1=1,2,...,p (27)

n

D
HD;H_nu = Z Azi; Z arb; (tk-+i—l) since G;H_i_lu £ GZH_la =G Z arb; (tk-+i—l)
i=1 =1 =1

(29)
v [ (i) ]
z=%" : SiinZran = Q (29)
n L (Olern)l i
v [ (@l
HSTH= : Sitn [Chan | - | CFL] 2T, (30)
=1 I (O£+n), |

whereall quantities M*+? Ny, D

i Cl, .. Ayt Q, T arethe same as defined
by Lee and Tahk.?

k+n7 k+n'

Consider now the |E agorithm. Firstly, the error (16) is

N
Lrs(u Z Zkpn — HDpynw)' Sty (Bryn — HDpynu) (31)

and after the substitution of G ,u with G{a, in view of (28), it transformsto the per-
formanceindex L(k, N) defined in® through the identity — 1 £1.s(u) = L(k, N) (asin
Eqgn. (12) of ). Secondly, the IE equation (17) after the substitutions (29), (30) leads
to the basic GIE equation (20) of 2, since

HSZ=QandP 2 H S 'H =TI. (32)
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Further, in view of (32), Lemal, LemaZ2, and the maneuver detector ((28) of ®) imme-
diately follow from (18), (19), and (20) respectively. Finaly, (21) and (22) yield the
correction equations (30) and (31) of 2, respectively, that can be seen by accounting for
(24).

Thus we proved that the GIE algorithm of 3 can be obtained from the common IE
algorithm applied to the particular choice of G, as G}, and u as a.

4. Conclusion

Moreinsight has been given to the problem of input estimation. It has been shown that
the so called generalized input estimation can be interpreted as a particular case of the
conventional input estimation with constant input and time-varying transition matrix
of the input. The latter setting, however, is more general than that of the generalized
input estimation. In practice, it enables designing models with various “non-constant”
inputs to be done through the design of the input transition matrix.
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